Mathematica 11.3 Integration Test Results

Test results for the 71 problemsin "7.6.2 Inverse hyperbolic
cosecant functions.m"

Problem 4: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcCsch[a + b x]
J dx

X

Optimal (type 4, 162 leaves, 14 steps):

a eAr‘cCsch[a+b X] ArcCsch[a+b x]

ArcCschla+bx] Log[1- ———————] +ArcCsch[a+bx] Log[1- ae—] _
1-+V/1+a? 1+V1+a2
a eAr‘cCsch[aer X]
ArcCsch[a+bx] Log[1 - e?Arccschlabx] ] polylog[2, ————— | +
1-+/1+a?
a eAr‘cCsch[a+bx]
PolyLog [2, —] - ~ Polylog [2, @2ArcCschia+bx] ]
1+vV1+a? 2

Result (type 4, 428 leaves):
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= |7m®-41irnArcCsch[a+bx] -8ArcCsch[a+bx]?-
8

—i+a

a i+a) Cot[L (;+21iArcCschla+bx]
(i +a) Cot[ | )]

32 i ArcSin[ ———] ArcTanh]| 4 ] -
A2 1+a2

(71+4/1 + a2 ) eAr‘cCsch[a+bx]

a

8ArcCsch[a+bx] Log[1 - e 2Arccschlarbxl ] 44 5t Log[1 -

(71+ﬂ/1+a2 ) eAr‘cCsch[a+bx]

a

|+

8 ArcCsch[a+bx] Log[1-

} _

|
=
in
()

(,1+ W) @ArcCschia+bx]

a

16 i ArcSin| | +4in

| Log[1-

-

(1 4 1/1Jr a2 ) eAr‘cCsch[a+bx] (1+ 4/1+az ) (eAr‘cCsch[a+bx]

Log[1 + | +8ArcCschia+bx] Log[1+ |+
a a
-i+a
a (1+4/1+a2 ) eArcCsch[a+bx] b x
16 i ArcSin[ ———] Log[1 + | -4inLog|- +
V2 a a+bx
(_1+4/1+az ) eAr‘cCsch[a+bx]

4 Polylog|2, e 2Arccschiasbx] |, g polylog|2, |+

a

(1+ 1/1 +a2 ) eAr‘cCsch[a+bx]

a

8 Polylog|2, -

]

Problem 5: Result more than twice size of optimal antiderivative.

ArcCsch[a + b x]
J 5 dx

X

Optimal (type 3, 63 leaves, 6 steps):

a+Tanh { %Ar‘cCsch [a+b x] } }

b ArcCsch[a+bx] ArcCsch[a+bX] A/ 1+a2
- - +

a X avi+a?
Result (type 3, 141 leaves):

2 bAr‘cTanh[
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ArcCsch[a+bx 1
- [ L b |+/1+a% ArcSinh| | +Logix] -
x avIsal aibx
) 3 l1+a2+2abx+b2x? 3 1+a2+2abx+b2x?
Log[1+a’+abx+a+/1+a ++/1+a% bx
(a+bx)2 <a+bx>2

Problem 7: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(e+fx)3 (a+bAr‘cCsch[c+dx})2d1x

Optimal (type 4, 501 leaves, 20 steps):

1
b2 (de cf)x b26 (crdx)? b (c+dx) 1+(c+dx>2 (a+bArcCschic+dx])
+ - +

d? 12 d* 3d*

Bbf(de—cF)Z(Cerx) 14+ —1 (a+bArcCschc+dx])

(c+dx)?

d4

bf2 (de-cf) (c+dx)® [1+— (a+bArcCsch[c+dx])

(c+dx)?

d4

bf (c+dx)? [1+—2 (a+bArcCsch[c+dx])

(c+dx)?

6d*
(de-cf)* (a+bArcCschic+dx])? (e+fx)* (a+bArcCschic+dx])?
N _
adtf af
2bf2 (de-cf) (a+bArcCschc+dx]) ArcTanh|ehrecschic-dx]]
d4
4b (de-cf)® (a+bArcCsch[c+dx]) ArcTanh[eArccschic-dx] |
d4
b2 £3 Log[c +d x] 3b2f(de—cf>2Log[c+dx]
+
3d4 d4
b2 f2 (de - cf) PolylLog|2, —eArccschictdxl ] 32 (de—cf)3PolyLog[2, ~ gArcCschicdx] |
d4 " d* :
b2 f2 (de-cf) PolylLog|2, efrccschictdx]] 3 p2 (de—m‘:)3 PolylLog|2, efrccschictdx]]
d* d4

+

Result (type 4, 1429 leaves):

3 1
a?edx+ —ate?fxi+atef 3+ — a3t
2 4

| 3
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1 3 5 s 2 3.3 1 1+c?2+2cdx+d?>x?
—ab|3x (4e’+6e>fx+4ef x>+ x*) ArcCschlc+dx] + — |f (c+dx)
6 d* (c+dx)?

((—2+13C2>‘F272Cdf(15e+2fx) +d? (18e2+6e'FX+'F2X2)> -

3¢ (—4d3e3+6cd2e2f—4c2def2+c3f3)Ar‘cSinh[ | +6 (2d°e*-6cd?e*f+

c+dx

2 2 32
(-1+6c?)def?+c (1-2c*) ) Log[ (c+dx) |1+ 1rcir2cdx dix ne
(c+dx)?

1
=b?e® (-ArcCsch[c+dx] ((c+dx) ArcCsch[c+dx] -2 Log[1 - e Arecsehicrdx]]
d

2 Log [1 4 e—Ar‘cCsch[c+d x] ] ) +2 PolyLog [2, _e—Ar‘cCsch[ud X] } _2 PolyLog [2, e—Ar‘cCsch[ud x] ] ) _

(c+dx) [1+—2— ArcCschlc+dXx] 5

(c+dx) (c +d x) ArcCsch[c +d x]?

3b%2de?fx + _
d? 2 d?

cAr‘cCsch[c+dx]2Coth[§ArcCsch[c+dx]] Log[ =] 4

c+d X

2 d? d2 d2
21ic <j_ ArcCsch[c +dx] (Log[l _ @ ArcCschlc+dx] ] _ Log[l + @ ArcCschc+dx] ] ) +
i (POlyLOg [21 _ @ ArcCschlc+dx] } - PolylLog [2’ @ArcCschic+dx] ] ) > +

c ArcCschic +d x]ZTanh[iAr‘cCsch[c +dx] |

2d? /(<c+dx) (71+c+cdx

—3b2e1CZ 2 (-2+12cArcCsch[c+dx] +ArcCschc+dx]?-6c?ArcCschlc+dx]?)
8d

1
Coth| = ArcCsch[c+dx] | +2ArcCsch[c+dx] (-1+3cArcCsch[c+dx])
2

1 , ArcCsch[c+dx]2Csch[2 ArcCschic+dx] ]4
Csch[ = ArcCschic+dx] | - 2 -48cLog|
2 2 (c+dx) c+dx

8 (71 ‘6 C2> (Ar‘cCsch [c+dx] (Log[l _ @ ArcCschc+dx] ] - Log [1 + @ ArcCschlc+dx] ] ) N
PolyLog {2“ _ @ ArcCschlc+dx] ] - PolyLog [2, @ ArcCschlc+dx] } ) B

]+

1
2ArcCschc+dx] (1+3cArcCschic+dx]) Sech| = ArcCsch[c+dX] ]2 -
2

3 2 s 1 4
8 (c+dx)’ArcCschc+dx]*Sinh[ = ArcCsch[c+dx]] +
2

2 (2+12cArcCsch[c+dx] -ArcCsch[c+dx]?+6 c®ArcCsch[c +d x]?)

1

Tanh[lAr‘cCsch[c+dx]] -
2 192d(c+dx)3(—1+

3
c+dx)



Mathematica 11.3 Integration Test Results for 7.6.2 Inverse hyperbolic cosecant functions.nb | 5

b3 x> | -16 (2ArcCsch[c +dx] - 18 c*ArcCsch[c +dx] + 6 > ArcCsch[c +dx]? -

1
3¢ (-2+ArcCschic+dx]?)) Coth| = ArcCschlc+dx] ]| +
2
2 (2-24cArcCsch[c+dx] -3ArcCschlc+dx]?+36c®ArcCsch[c+dx]?)

1 2 ) 1 4
Csch[ = ArcCsch{c+dx] |  +3ArcCschic+dx]?Csch[~ArcCschic+dx]]| -
2 2

1
2 ArcCschic+dx] (-1+6cArcCsch[c+dx]) Csch| = ArcCsch[c +dx] ]4 -

c+dx 2
64 (-1+9c?) Log| |+
c+dx
192 ¢ (-1+2c?) (ArcCschc+dx] (Log[1- e recschlcsdxl] _ | og[1 4 e Arccschlcsdxi])

Polyl_og[z) _ @ ArcCsch[c+d X]] _ PolyLog[Z, @ ArcCschlc+dx] ” B
2 (2 +24 c ArcCsch[c +dx] - 3ArcCsch[c+dx]?+36c?ArcCschic +dx] 2)

1 2 2 1 4
Sech[ = ArcCschc+dx] |  +3ArcCschic+dx]?Sech[~ArcCschic+dx]]| -
2 2

1

32 (c+dx)’ArcCschic+dx] (1+6cArcCschic+dx]) Sinh|[ = ArcCsch(c+dx] ]4+
2

16 (-2 ArcCsch[c+dx] + 18 c*ArcCsch[c+dx] +6 c> ArcCschc+dx]? -

1
3¢ (-2+ArcCschic+dx]?)) Tanh[;Ar‘cCsch[c +dx]]

Problem 8: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(e+fx)2 (a+bArcCsch[c+dx])?*dx

Optimal (type 4, 351 leaves, 17 steps):

2bf (de-cf) (c+dx) [1+——— (a+bArcCschic+dx])
bz‘sz (c+d x)
+ +

3d? d3

bf (c+dx)? [1+ - :x>2 (a+bArcCschic+dx])

(de—cﬂ3 (a+bAr‘cCsch[c+dx])2

- +

3d? 3d3f
(e+fx)® (a+bArcCschic+dx])* 2bf? (a+bArcCsch[c+dx]) ArcTanh[eArccschic+dx]]
3f R 343 *
4b (de—c-F)2 (a+bArcCsch[c+dx]) ArcTanh|eArccschic dx] | . 2b2f (de-cf) Loglc+dx]
d? FE
b2 £2 PolyLog{Z, —eA”CCSCh[“dX]] 2 b2 (de— cf)zPolyLog[Z, —eA'“CCSCh[“dX]}
3d3 : d3 :

b2 £2 Polylog {2) eArcCschc+dx] } 2 b2 (d e_c ‘F) 2 Polylog {2’ ehreCschc+dx] }
3d3 d?
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Result (type 4, 864 leaves):

1
ale?x+atefx?i+ —atfixi+
3

1+c2+2cdx+d2x?

1 2 2 2 1
—ab|2x (3e’+3efx+f>x*) ArcCsch[c+dx] + —|-f (c+dX)

3 d3 (C+dx)2
(5cf-d(6e+fx))+2c (3d2e2—3cdef+c2f2)Ar‘cSinh[ |+
c+dx
1+c2+2cdx+d?x?
(6d*’e*-12cdef+ (-1+6c*) f?) Log[ (c+dx) |1+ 111 -
(c+dx>2

1
~b%e? (-ArcCsch[c+dx] ((c+dx) ArcCsch[c+dx] -2 Log[1- e Arecsehierdx]]
d

2 Log [1 . e—Ar‘cCsch[c+d x] ] ) +2 PolyLog [2, _e—Ar‘cCsch[ud X] } _2 PolyLog [2’ e—Ar‘cCsch[ud x] ] ) _

(c+dx) [1+—1— ArcCschlc+dXx]

(c+dx)?
2b’defx +
d? 2 d?

(c+dx)*ArcCschic+dx]?

cArcCsch[c+dx]2Coth[§ArcCsch[c+dx]] Log[ -] 4

c+d X

2 d? d2 d2
21ic <j_ ArcCsch[c +dx] (Log[l _ @ ArcCschlc+dx] ] _ Log[l 4+ @ ArcCschc+dx] ] ) +
i (POlyLOg [2, _ @ ArcCsch(c+dx] } - PolylLog [2, eArcCschic+dx] ] ) > +

c ArcCsch[c +d x]zTanh[iAr‘cCsch[c + dx]]

S /(<c+dx) (—1+C+ccIX

S b? % |2 (-2 +12 cArcCschc +dx] +ArcCschc+dx]? -6 c?ArcCschlc+dx]?)
24d

1
Coth| = ArcCsch[c+dx] | +2ArcCsch[c+dx] (-1+3cArcCsch[c+dx])
2

ArcCschlc +d x]2Csch[§Ar‘cCsch[c +dx] ]4

-48cLog|
2(c+dx) c+dx

8 (71 L6 C2> (Ar‘cCsch [c+dx] (Log[l _ @ ArcCschc+dx] ] - Log [1 + @ ArcCschlc+dx] ] ) 4
PolylLog [2, _ @ ArcCschlc+dx] ] - PolyLog [2, @ ArcCschlc+dx] } ) B

|+

1 2
Csch[ = ArcCschic+dx] | -
2

1
2ArcCschc+dx] (1+3cArcCschic+dx]) Sech| = ArcCsch[c+dXx] ]2 -
2

3 3 s 1 4
8 (c+dx)’ArcCschc+dx]*Sinh[ = ArcCsch[c+dx]] +
2

2 (2+12cArcCsch[c+dx] -ArcCsch[c+dx]?+6 c®ArcCsch[c+dx]?)
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1
Tanh[ = ArcCschic +dx] |
2

Problem 9: Result more than twice size of optimal antiderivative.

J(eﬂcx) (a+bAr‘cCsch[c+dx])2d1x

Optimal (type 4, 194 leaves, 11 steps):

bf(c+dx) |1+ 1 (a+bArcCschc+dx])

(c+dx)?
o .
(de—c-F)2 <a+bAr‘cCsch[c+dx])2 (e+Fx>2 (a+bAr‘cCsch[c+dx})2
2d2f : 2f '
4b (de-cf) (a+bArcCsch[c+dx]) ArcTanh|eArccsehlcdxl | p2.£)0g7c 4 d x]
d? : d? :
2b% (de-cf) PolylLog[2, —ehrecschicrdx] ] 32 (de-cf) PolylLog|2, eArccschicdx] |
d? d?

Result (type 4, 427 leaves):

2a? (de—c-F) (c+dx> +a’f (c+dx)2+

2d?
1
2abf (c+dx) 1+ ———— +(c+dx) ArcCsch[c+dx] | +2b*f
(C+dx)2
1 1 ,
(c+dx) |1+ ArcCsch[c+dx] + = (c+dx) ArcCsch[c+dx]? - Log| +
<c+dx)2 2 c+dx
Csch| 2 ArcCschic+dx] |
4abde | (c+dx) ArcCsch[c+dx] + Log| 2 | -
2 (c+dx)
Log[Sinh[lAr‘cCsch[Cerx}H ~4abcf|(c+dx)ArcCsch[c+dx] +
2
Csch| 2 ArcCschic+dx] | 1
Log[ 2 }—Log[sinh[fAr‘cCsch[Cerx}H +
2 (c+dx) 2

2b>de (ArcCschc+dx] ((c+dx) ArcCschc+dx] -2 Log[1- e Arecschicrdx]]
2 Log [1 + efAr‘cCsch[md x] ] ) _2 PolyLog [2, 7efAr~cCsch[c+d X] } +2 PolyLog [2, efAr'cCsch[md x] ] ) _
2b%cf (ArcCschc+dx] ((c+dx) ArcCschc+dx] -2 Log[1- e recschicrdx]]

2 Log [1 4 e—Ar‘cCsch[md x] ] ) _2 PolyLog [2, _e—Ar‘cCsch[ud X] } +2 PolyLog [2, e—Ar‘cCsch[ud x] ] )
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Problem 10: Result more than twice size of optimal antiderivative.

J(a+bAr‘cCsch[c +dx] )zdlx

Optimal (type 4, 85leaves, 8steps):

(c+dx) (a+bAr‘cCsch[c+dx])2 4b (a+bArcCsch[c+dx]) ArcTanh [ gArcCschicdx] |
+

d d
2 b2 PolyLog [2, _ eAr‘cCsch[c+d x] } 2 b2 PolyLog [2, eAr‘cCsch[ud x] }

d d

+

Result (type 4, 176 leaves):

1
= |a®c+a’dx+2ab (c+dx) ArcCsch[c+dx] +b*cArcCschc+dx]?+b®>dxArcCsch[c+dx]?-
d

2b? ArcCschc +dx] Log[1 - e ArecsehlesdxI ], 2 p2 ArcCsch[c +d x] Log[1 + e Arccsehlerdx]]

1 1
2abLog[Cosh[gAr‘cCsch[c+dx}H 728bLOg[Slnh[gAI"CCSCh[CerX]]] -

2 b? Polylog [2’ _ @ ArcCschlc+dx] } + 2 b? PolylLog [2, @ ArcCschic+dx] }

Problem 11: Unable to integrate problem.

J(aerAr'cCsch[c+dx})2
dx

e+fx

Optimal (type 4, 475leaves, 17 steps):
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(a +bArcCschc +dx] )2 Log[l — @2ArcCschcrdx] }

.F

+

eArcCsch[c+dx] (de-cf)

(a+bArcCschfc+dx] )2 Log[1 +
ffd?e?-2cdefr(14c?) 2
N

f
eArcCsch[c+dx] (de-cf)

'F+\/d2 e’-2cdef+(1+c?) £

(a+bArcCschfc+dx] )2 Log[1 +

.F
b (a+bArcCsch[c+dx]) Polylog [2, @2ArcCschlcrdx] ]
.F

+

@ArcCsch[c+dx] (de-cf)

foafd2e2-2cdefs (14c2) £2

2b (a+bArcCsch[c+dx]) Polylog[2, -

+

.f:

@ArcCsch[c+dx] (de-cf)
'F+\/ d?e?-2cdef+(1+c2) £ b? Polylog [3, @2ArcCschcrd x] ]
+

2b (a+bArcCsch[c+dx]) Polylog[2, -

f 2f
2 b2 PolyLog [3, B gArcCsch[c+d x] (de-cf) ] 5 bz PolyLog [3, B @ArcCsch[c+dx] (de-cf)
fJd?er2cdefr (1ec?) £ fifd?e?-2cdefr (1:c?) £2
f f

Result (type 8, 22 leaves):

J(aerAr‘cCsch[c+dx])2 ;
X

e+fx

Problem 12: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(anbAr‘cCsch[c+dx])2
(e+-Fx)2

Optimal (type 4, 448 leaves, 12 steps):
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d(a+bAr‘cCsch[c+dx])2 (a+bAr‘cCsch[c+dx})2

F(defcf) f(e+Fx)

eArcCsch[cd x] (de-cf)

2bd (a+bArcCschic+dx]) Log[1+
ffd?er2cdefs (Lec?) £
.

(de-cHf) \/d2e2—2cdef+ (1+c2) £2
eArcCsch'udx' (de-cf)

frfd?e?-2cdefs(1ec?) £

2bd (a+bArcCschic+dx]) Log[1+

(de-cf) \/d2e2—2cde-F+ (1+c2) f2
eArcCsch[mdx: (de-cf)

fefd?e2-2cdefr (14c2) £2

ghrecschcrdx| (g e_c f) ] 2b2d PolyLog [2, B

2b2dPolylog|2, -
fofd2e?-2cdefs(14c2) £

+

(de-cf) /d?e?-2cdef+ (1+c?) f (de-cf) [d?e?-2cdef+ (1+c?)
Result (type 4, 2061 leaves):
a2

[ de-cf-fTanh “—Ar‘cCsch [c+d Xx] w ]

2 ArcTan
2ab (c+dx)2 £, de-cf)? Ar‘cCs;h[c+d{x] ) J-d?ete2cdef-(14c?) £ /
e C
c+dx e T J-d?ei2cdef (1+2) £
(d (-de+cf) (e+fx)?)-
1 b2 (c+dx)2 1chdefmc 2 ArcCsch[c +d x]? .
d(e+fx)? c+dx (-de+cf) ('F+d—e—i
c+d X c+d X
. —de+c~F+-FTanh{£ArcCsch[c+dx]w
i 7 ArcTanh | 2 ]
1 24+ (de-c )2 1 7T
2 |- - 2(77
de-cf \/{2+(de,cf>2 V-d?e?2+2cdef-f2_c2f2 2

f-i(de-cf)) Cot[i (f—]’lAr‘cCsch[Cerx])} |-

i ArcCsch[c +d x] Ar‘cTanh[
V-d?e?+2cdef - f2 - c2f2
- ~f-i(de-cf)) Tan[L ([Z-1iArcCschlc+dx]
ZAPcCos[— 1f ]Ar‘cTanh[ ( >) [2 (2 )]}Jr
de-cf V-d?e?+2cdef-f2-c2f2
(Ar‘cCos [- |-21
de-cf

1)/

(\/7d2e2+2cdef71‘27c21‘2 )} 7ArcTanh[((ﬂc*J'l (de-cf))

1 (7t
Ar‘cTanh[((f—i (de-cf)) Cot[; (;—J‘lAr'cCsch[c+dx}
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Tan[% [g—iAr‘cCsch[c+dx1)})/ (\/_d2e2+2cdef—f2_c2f2 )})J

if
de-cf

efi—]'l (gfiAr‘CCSCh[C+dX]) \/de e2+2Cde'F*'F2*C2 -Fz
Log[ } + [Ar‘cCos[—

V2 . /-i(de-cf) [f+i=ch
c+d x

1
2

} +

21 (Ar‘cTanh[ (f-i(de-cf)) Cot]

(E— i ArcCsch[c +d x]
2

)/

}7Ar~cTanh[((f-F7j1 (de-cf))
})/(\/—d2e2+2cdef—f2—c2f2)})J

{e;i (%—JiAr‘cCsch[udx]) \/—dz e2+2cdef_f2_c2¢2

(\/—dzez+2cde1:f-t:27c2-F2

1
Tan[f [z—jAr‘cCsch[Cerx}
2 \2

Log

]_

V2 \/-i(de-cf) [f+d=ch

c+d x

(Ar‘cCos[—d 1f f] +211Ar‘cTanh[((—f—j1 (de-cf))
e-c
Tan[1 (E—iAr‘cCsch[c+de)})/ \/—d2e2+2cdef—f2—c2f2 )})
2 \2

Log[1- (]1 (f—i\/—d2e2+2cdef—1‘:2—c2fz) (f-i (de-c¥) -

1
\/—dze2+2cde1‘:—1‘:2—c21‘:2 Tan| - (E—iArcCsch[c+dx])]])/
2 \2

(de-cf) (-F—Ji (de-cf)++/-d?e?+2cdef-f2-c?f2

1 /7
-]
2 \2

(—Ar‘cCos[— ]+21’1Ar‘cTanh[[(—-F—j1(de—c-F))Tan[

de-cf

i[g—jAr‘cCsch[c+dx])]]/ (\/—d2e2+2cdef—f2—c2f2)]]

Log[1 - [Ji (-F+Ji\/—d2e2+2cdef—1°2—c2f2) (f—i (de-cf) -

1
\/7d2e2+2CdE'F—'F27C2'F2 Tan|— (I—jAr‘cCsch[Cerx])]])/
2 \2

(de-cf) (f—j (de-cf)+/-d?e?+2cdef-f2-cf

-

PolyLog|2, (1’1 (-F—Ji\/—dze2+2cdef—f2—c2f2] ('F*]'l (de-cf) -

1)/

1
Tan[f (ﬁ—jAr‘cCsch[c+dx]
2 \2

i

1
\/—d2e2+2cdef—-F2—c2F2 Tan|— (E—jAr‘cCsch[c+dx}
2 \2

(de-cH) (f—]i (de-cf)++/-d?e?+2cdef-f2-c?f2
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Tan[l (z—iAr‘cCsch[c+dx])})]] - Polylog|
2 12

2, (J‘l [-F+Ji\/—d2e2+2cdef—f2—c2f2) [f—i (de-cf) -

1
\/—d2e2+2cde1‘:—1°2—<:21C2 Tan|— (E—iAr‘cCsch[Cerx})])]/
2 \2

(de-cf) [f—i (de-cf)++/-d?e?+2cdef-f2-c?f2

1
Tan|— [E—iAr‘cCsch[c+dx]
2 \2

Il

Problem 13: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bAr'cCsch[c+dx])2
dx

(e+1=x)3

Optimal (type 4, 1024 leaves, 23 steps):
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bd?f [1+——— (a+bArcCschic+dx]) )
(crd x) d? (a+bAr‘cCsch[c +dx])

— + —

(de-cf) (d2e?-2cdef (14c?) £2) [f+ dect] 2f (de-cf)?

c+d x

bd?f2 (a+bArcCsch[c+dx]) Log[1+ ehreceiedx (decf)
f-fd2e?-2cdefs(1+c?) £
N _

2f (e+ fx)? (de-cf)? (de?-2cdef+ (1+c?) £2)%2

(a+bArcCschlc+dx] )2

eArcCsch[c+d x| (de-cf)

2bd? (a+bArcCsch[c+dx]) Log|[1+

fofd2e?-2cdefs (10c2) £

(de—cf)z\/dzez—ZCdef+ (1+c?) f2

bd?f? (a+bArcCschc+dx]) Log[1+ ehrecechlc @] (de-cf)
frfd2e2-2cdefs(1+c2) 2

4
(de—c-F)Z (dzez—che'F+ (1+C2) -F2)3/2
2bd2 (a+bAr‘CCSCh[C+dX]) LOg[1+ eArcCsch[crd x| (de-c )
‘F+\/dz e?-2cdef+(1+c?) £
T
(defcf)Z\/dzez,2cde1:+ (1+c2) £
2 42 de-cf b2 d? f2 PolyLog[z, __ ehretsen[edx] (de-cf)
b4 d 'FLOg['F+ c+dx] ‘F*\/dzez—cheﬂ(hcz)fZ

+

(de-cf)? (d2e?-2cdef+ (1+c2) f2) (de-cf)? (d?e?-2cdef+ (1+c2) £2)%? _

eArcCsch{cm x| (de-cf)

fofd2e?-2cdefs(1+c2) 2

2 b2 d?Polylog|2, -

(de—cf)z\/dzez—ZCdeF+ (1+c2) f2

b2 d2 £2 PolyLog [2, B ghreCsch[cedx] (de_c f) } 2 b2 g2 PolyLog [2, B ghretsch[cadx] (de_c f)
f+\/d2 e?-2cdef+(1+c?) f2 f+J d?e?-2cde f+(1+c?) 2
+

(de-cf)? (d2e?-2cdef+ (1+c2) £2)°? (defcf)z\/dzez—ZCdef+ (1+c2) £

Result (type 4, 8348 leaves):

a2
2f (e+fx)?
f(de-cf) 1+<C;X)2
3 d2e2—2cdef+(1+c2)f2_2Ar‘CCSCh[C+dX] f ArcCsch[c +dx]
ab(de-cf+f (c+dx)) - + -
decf de_cf
e c+dx (f+ cidcx)

de-cf-fTanh[2ArcCschc+dx] ]
2 (2d’e’-4cdef+ (1+2c?) f2) ArcTan]| 2 /

J7d2e2+2cdef— (1+c2) £2
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(-d*e®*+2cdef- (1+c?) F2)3/2 /(d (de—c-F)2 (e+fx)3) -

f(c+dx)? (-F+d—e—i)3Ar*cCsc:h[c+dx12

c+d X c+d X

1

7b2(de7cf+f(c+dx))3 .
d(e+fx)? 2 (de-cf)? (-F- oo <)% (de-cf+f (crdx))’

c+d X c+d X

3 de cf 3 1
(c+dx)® [f+ - ) -def |1+ ————— ArcCsch[c+dx] +
c+dx c+dx (c+dx>2
2 1 2 52 2
cf 1+ ——— ArcCsch[c+dx] +d°e“ArcCsch[c+dx]“ -

<c+dx)2

2cdefArcCschc+dx]2+f%ArcCsch[c+dx]%+c?f?ArcCschc+dx]?

/

(de-cf)? (d2e?-2cdef+f+c?f?) {—-F— de | cf (de—cf+f(c+dx)>3J+
c+dx c+dx
3 de cf 3 de-cf
def (c+dx)® |f+ - Log[1+7}/
c+rdx c+dx f(c+dx)

((de-cf)? (-de+cf) (d?e’-2cdef+f +c2f) (de-cf+f (crdx])?)-

de cf 3 de-cf ]
Log[1+7}/
f (c+dx)

f+ -
c+dx c+dx

((de—cf)z(—de+cf) (d2 2—2cdef+f2+c2f2) (de—cf+f(c+dx))3)+

1

(de—cf)2 <d2e2—2cdef+f2+c2fz) (de—c-F+-F(c+dx))3

(cfz (c+dx)?

[ -de+c f+f Tanh { :—Ar'cCsch [c+d x] w }

; 1 7t ArcTanh

de cf

2d2e2(c+dx)3 £y -
c+dx c+dx

2+ (de-cf)?

Jf e (de-cf)?

1 7T
— -1 ArcCsch[c +dx]

|
V-d?e?+2cdef-f2 -2 f2 2

f-i(de-cf))Cot[® (£-1iArcCsch[c+dx]
Ar‘cTanh[( ( >) [2(2 M

} _

V-d?e?+2cdef-f2-c2f2
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-f-i(de-cf)) Tan[i (f—jAr‘cCsch[Cerx})]

} +

]Ar‘cTanh[
de-cf V-d?e?+2cdef-f2-c2f?

2Ar‘cCos[—
if
de-cf
1 /7
Ar‘cTanh[((F—i (de-cf)) Cot[; (;—iAr‘cCsch[c+dx})})/

}—Ar‘cTanh[((—f—j (de-cf))

(Ar‘cCos [- |-21

(\/—d2e2+2cdef—f2—c2f2

Tan[% [g—iAr‘cCsch[c+dx1)})/ (\/_d2e2+2cdef—f2_c2f2 )})J

1. T
e e G BV Sy P s if
Log[ } + [Ar‘cCos[— } +
de-cf
V2 . [-i(de-cf) [f+i=cf
c+d X
21 (Ar‘cTanh[ (f-i (de-cf)) Cot| (ijAr‘cCsch[c+dx] ])/
2

7Ar~cTanh[((—'F*J'l (de-cf))
})/(\/7d2e2+2cdef—f2—c2f2)}))

li(%—jAr‘cCsch[udx]) \/—d2e2+2cde-F—-F2—c2-F2 ]

[~
V2 /-1 (de-cf) [f+d=ch
c+d x

(Ar‘cCos[— i1f ]+211Ar‘cTanh[((—f—j1 (de-cf))

de-cf
1

Tan| ~ (E—iAr‘cCsch[c+de)})/ \/—d2e2+2cdef—f2—c2f2 )})

2 \2

(\/—dzez+2cde1:f-szc2-F2

1
Tan[— [E—jAr‘cCsch[Cerx}
2 \2

Log

Log[1- (]1 (f—i\/—d2e2+2cdef—1c2—c2f2) (f-i (de-c¥) -

1 (E—JiAr‘cCsCh[cJ’dx])]])/

\/—dze2+2cde1‘:—1‘:2—c21‘:2 Tan| ~
2 \2

(de-cf) (‘F—]i (de-cf) +\/—d2e2+2cde1"—-F2—czw‘:2

it

1
Tan| ~ (E-jArccsch[udx]

2 \2
(—Ar‘cCos[—d I -F] +21'1Ar‘cTanh[[(—F—1’1 (de—c-F))Tan[
e-c
i[g—jAr‘cCsch[c+dx])]]/ (\/—d2e2+2cdef—f2—c2f2)]]

Log[1 - [1 (f+i\/—d2e2+2cdef—fz—c2f2) (f—i (de-cf) -

(g,jArccSch[UdX])]])/

N |

\/—d2e2+2cdef7f27c2f2 Tan|
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(de-c¥) (Ffj (de-cf)++/-d?e?+2cdef-f2-c?f2

Tan[% (g—iAr‘cCsch[Cdex])]]]] *

i

PolyLog|[2, (j (f—j\/—d2e2+2cdef—f2—c2f2] (f—]‘l (de-cf) -

1
\/—d2e2+2cdef—f2—c2f2 Tan| - (E—iAPCCSCh[C+dX])])]/
2 \2

(de-cf) [f—i (de-cf)++/-d?e?+2cdef-f2-c?f2

Tan[1 (E—iAr‘cCsch[c+dx1)})J} - PolyLog|
2 \2

2, [Jl [-F+Ji\/—d2e2+2cdef—f2—c2f2) ['F—Ji (de-cf) -

1
\/—d2e2+2cde1‘:—1“2—czf2 Tan|— (ﬁ—jAr‘cCsch[Cerx}
2 \2

I/

(de-c¥) (f—i (de-cf)+-/-d?e*+2cdef-f2-c?f

1
Tan|— (z—iAr‘cCsch[c+dx}
2 \2

-

1
(de-cf)? (d2e?-2cdef+f2+c?f2) (de-cf+f (c+dx))?
4
C
d
e
.F
(c+dx)?
de cf 3
e el
c+dx c+dx

. -de+c f+f TanhP—Ar‘cCsch[ud x]w
i ArcTanh| 2 ]

f2+(de-cf)?

Jf e (de-cf)?

1 7T
— -1 ArcCsch[c +dx]

2
v -d?2e?2+2cdef - f2 - c2f2 2

(f-i(de-cf)) Cot[i (gfiArcCsch[c+dx})}

ArcTanh |

} _

V-d?e?+2cdef-f2-c2f2
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-f-i(de-cf)) Tan[i (f—jAr‘cCsch[Cerx})]

} +

]Ar‘cTanh[
de-cf V-d?e?+2cdef-f2-c2f?

2Ar‘cCos[—
if
de-cf
1 /7
Ar‘cTanh[((F—i (de-cf)) Cot[; (;—iAr‘cCsch[c+dx})})/

}—Ar‘cTanh[((—f—j (de-cf))

(Ar‘cCos [- |-21

(\/—d2e2+2cdef—f2—c2f2

Tan[% [g—iAr‘cCsch[c+dx1)})/ (\/_d2e2+2cdef—f2_c2f2 )})J

1. T
e e G BV Sy P s if
Log[ } + [Ar‘cCos[— } +
de-cf
V2 . [-i(de-cf) [f+i=cf
c+d X
21 (Ar‘cTanh[ (f-i (de-cf)) Cot| (ijAr‘cCsch[c+dx] ])/
2

7Ar~cTanh[((—'F*J'l (de-cf))
})/(\/7d2e2+2cdef—f2—c2f2)}))

li(%—jAr‘cCsch[udx]) \/—d2e2+2cde-F—-F2—c2-F2 ]

[~
V2 /-1 (de-cf) [f+d=ch
c+d x

(Ar‘cCos[— i1f ]+211Ar‘cTanh[((—f—j1 (de-cf))

de-cf
1

Tan| ~ (E—iAr‘cCsch[c+de)})/ \/—d2e2+2cdef—f2—c2f2 )})

2 \2

(\/—dzez+2cde1:f-szc2-F2

1
Tan[— [E—jAr‘cCsch[Cerx}
2 \2

Log

Log[1- (]1 (f—i\/—d2e2+2cdef—1c2—c2f2) (f-i (de-c¥) -

1 (E—JiAr‘cCsCh[cJ’dx])]])/

\/—dze2+2cde1‘:—1‘:2—c21‘:2 Tan| ~
2 \2

(de-cf) (‘F—]i (de-cf) +\/—d2e2+2cde1"—-F2—czw‘:2

it

1
Tan| ~ (E-jArccsch[udx]

2 \2
(—Ar‘cCos[—d I -F] +21'1Ar‘cTanh[[(—F—1’1 (de—c-F))Tan[
e-c
i[g—jAr‘cCsch[c+dx])]]/ (\/—d2e2+2cdef—f2—c2f2)]]

Log[1 - [1 (f+i\/—d2e2+2cdef—fz—c2f2) (f—i (de-cf) -

(g,jArccSch[UdX])]])/

N |

\/—d2e2+2cdef7f27c2f2 Tan|
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(de-c¥) (Ffj (de-cf)++/-d?e?+2cdef-f2-c?f2

Tan[% (g—iAr‘cCsch[Cdex])]]]] *

i

PolyLog|[2, (j (f—j\/—d2e2+2cdef—f2—c2f2] (f—]‘l (de-cf) -

1
\/—d2e2+2cdef—f2—c2f2 Tan| - (E—iAr‘cCsch[Cerx})])]/
2 \2

(de-cf) [f—i (de-cf)++/-d?e?+2cdef-f2-c?f2

Tan[1 (E—iAr‘cCsch[c+dx1)})J} - PolyLog|
2 \2

2, [J’l [-F+Ji\/—d2e2+2cdef—f2—c2f2) ['F—Ji (de-cf) -

1
\/—d2e2+2cdef—f2—c2f2 Tan|— (ﬁ—jAr‘cCsch[Cerx}
2 \2

I/

(de-c¥) (f—i (de-cf)+-/-d?e*+2cdef-f2-c?f

1
Tan|— (z—iAr‘cCsch[c+dx}
2 \2

IR

1
(de-cf)? (d2e?-2cdef+f2+c?f2) (de-cf+f (c+dx))?
.FZ
<C+dx>3

de cf 3
(‘F+ -

c+dx c+dx

-d e+c f+f Tanh { %Ar‘cCsch [c+d X] }

i 7 ArcTanh | ]
2+ (de-cf)?

\/-F2+ (de—c%)2

1

2 [E—]'lAI"CCSCh[C+dX])
V-d?e2+2cdef- f2 -2 f2 2

(f-i(de-cf)) Cot[% (f—iAr‘cCsch[Cerx})}

ArcTanh |

}_
V-d?2e?+2cdef-f2_c2f2
(-f-1i(de-cf)) Tan[% (f—iAr‘cCsch[c+dx})]

2 ArcCos | - | ArcTanh |

de-cf V-d?2e?+2cdef-f2-_c2f2

|+
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if
de-cf

(Ar‘cCos [— ] -21

Ar‘cTanh[((F—j (de-cf)) Cot[i

(f -1 ArcCsch[c +dx]
2

)/

}7Ar‘cTanh[((7F7]1 (de-cf))

})/(x/fdzeerchefffzfczfz)}))

e—i—j (g—iAr‘cCsch[udx]) N_d?e?i2cdef_f2_c2f2
Log| |+ [Ar‘cCos{—

V2 \[-i(de-cH) f+—dce*”

(\/—d2e2+2cdef71‘27c2f2

1
Tan|— (EffLAI"CCSCh[CerX}
2 \2

if
de-cf

|+

21 (Ar‘cTanh[ (f-i (de-cf)) Cot]|

(g—iAr‘cCsch[C+dXJ)])/

—Ar‘cTanh[((—f—j (de-cf))

(\/—d2e2+2cdef—f2—c2f2

Tan[% [g—iAr‘cCsch[c+dx1)})/ (\/_d2e2+2cdef—f2_c2f2 )})J

[ei—i(gfjAr‘CCSCh[CerX])\/7d2e2+zcdef7f27c2f2

V2 . /-i(de-cf) [f+dect
c+d x

if
de-cf

Log

(Ar‘cCos[f ]+2]1Ar‘cTanh[((f1ch'l (de-cf))

)/

Log[1 - []1 (ffi\/fdzeerche-Ff-szcz-Fz) (ffj (de-cf) -

1
Tan[f (E—J'lAr‘CCSCh[CerX]
2 \2

\/—d2e2+2cdef—f2—c2f2)})

1
J-d?eri2cdef-f2-c2f? Tan| - (E—jAr‘cCsch[Cerx]
2 12

1))/

(de-c¥) (Ffj (de-cf)++/-d?e?+2cdef-f2-c?f2

-

]+21‘1Ar‘cTanh[[(—f—i (de-cf)) Tan|

]]/(\/—d2e2+2cdef—fz—c2f2)]]

Log[1 - (j (f+]ix/—d2e2+2cdef—f2—c2f2) (ffj (de-c¥) -

1
Tan|— (z—jArcCsch[Cerx]
2 \2

(—ArcCos[—
de-cf

1 (7
— [——1’1Ar‘cCsch[c+dx]
2 \2

1
\/—dzez+2cde1‘:—1‘:2—c21‘:2 Tan| - (E—iArcCsch[c+dx])]])/
2 \2

(de-cf) (f—]i (de-cf)++/-d?e?+2cdef-f2-c?f2

Y ys———y P
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PolyLog|[2, (j (Ffj\/fd2e2+2cdefff27c2fz] (ffjl (de-cf) -

1 (g_jArcCSch[UdXJ)])]/

\/—dzez+2cde1c—1‘:2—c21‘:2 Tan| —

i

2

(de-c¥) [f—i (de-cf)++/-d?e?+2cdef-f2-c?f2

1/
Tan[—(——1Ar‘cCSch[C+dX1)})J}‘POlyLOg{
2 12
2, [11 {f+i\/—d2e2+2cdef—f2—czf2) [f—i<de‘c‘c)‘
2 2 2 2¢2 LR
\/—d e?+2cdef-f2-c%f Tan[*(*—JlAr‘CCSCh[CdeX})])]/
2 \2

(de-cf) (f—i (de-cf) +\/—d2e2+2cde-|c—1‘:2—c21‘:2

N

1
Tan|— (EfjAr‘cCsch[Cerx}
2 \2

1
(de—cf)2 (d2e?-2cdef+f2+c?f2) (de—c-F+-F(c+dx))3

2

CZ
2

(c+dx)3
de cf )3

-+

('F+ -
c+dx c+dx

-de+c f+f Tanh { i—Ar‘cCsch [c+d x] w }

i ArcTanh|
f2+(de-cf)?

\/F2+ (de—c-F)2

1 7T
——JiAr‘cCsch[c+dx])

2
c2 f2 2

v-d?e2+2cdef- f2-

f-i(de-cf)) Cot[% (?—iAr‘cCsch[CArdx})H

ArcTanh |
vV-d?e?+2cdef-f2_c2f2
-f-i(de-cf)) Tan[2 (1—1'1Ar'cCsch[c+dx})]
2 ArcCos | - | ArcTanh | 2 12 |+
de-cf V-d?e?+2cdef-f2-c?f?
if )
ArcCos | - |-2i

de-cf
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(Ar‘cTanh[((F—i (de-cf)) Cot[% (g—iAr‘cCsch[c+dx})})/

(\/—d2e2+2cdef—f2—c2f2

}—Ar‘cTanh[((—f—j (de-cf))

Tan[% [g—iAr‘cCsch[c+dx1)})/ (\/_d2e2+2cdef—f2_c2f2 )})J

efi—]'l (gfiAr‘CCSCh[C+dX]) \/de e2+2Cde'F*'F2*C2 -Fz

Log[ } + [Ar‘cCos[— if

de-cf

} +

21 (Ar‘cTanh[ (f-i (de-cf)) Cot]|

(E— i ArcCsch[c +d x]
2

)/

7Ar~cTanh[((f-F7j1 (de-cf))

})/(\/—d2e2+2cdef—f2—c2f2)})J

1. T
e;l (;—nAr‘cCsch[udx]) \/—dz e2 . 2cdef_f2_c2¢f2

(\/—dzez+2cde1:f-szc2-F2

1
Tan[f [z—jAr‘cCsch[Cerx}
2 \2

Log| -
V2 /-1 (de-cf) [f+d=ch
c+d x
if ) .
(Ar‘cCos[— ]+21Ar‘cTanh[((—f—1 (de-cf))
de-cf
Tan[1 (z—iAr‘cCsch[c+de)})/ \/—d2e2+2cdef—f2—c2f2 )})
2 12

Log[1- (]1 (f—i\/—d2e2+2cdef—f2—czfz) (f-i (de-c¥) -

1
\/—dze2+2cde1‘:—1‘:2—c21‘:2 Tan| - (E—iArcCsch[c+dx])]])/
2 \2

(de-cf) (‘F—]i (de—cf) +\/—d2e2+2cdef—f2—c2f2

NE

]+21’1Ar‘cTanh[[(—-F—i1 (de-cf)) Tan|

1
Tan| - (E-jArccsch[udx]
2 \2

(—Ar'cCos [-

de-cf
1

N [g—jAr‘cCsch[c+dx])]]/ (\/—d2e2+2cdef—f2—c2f2)]]

Log[1 - (Ji (-F+Ji\/—d2e2+2cdef—f2—c2f2) (f—i (de-cf) -

1
\/fd2e2+2cdef—f2—c2f2 Tan|— (I—jAr‘cCsch[Cerx])]])/
2 \2

(de-cf) (f—j (de-cf)+/-d?e?+2cdef-f2-cf

-

PolyLog|2, (1’1 (-F—Ji\/—dze2+2cdef—f2—c2f2] (‘F*]'l (de-cf) -

1
Tan[f (ﬁ—jAr‘cCsch[c+dx]
2 \2

i
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1
\/—d2e2+2cdef—fz—c2f2 Tan| - (E—iAPCCSCh[C+dX])])]/
2 \2

(de-cf) [f—i (de-cf) +\/—d2ez+2cde-F—1‘:2—c21‘:2

1
Tan| - (E—jAr‘cCsch[c+dx1
2 \2

})]] - PolyLog|

2, []l [-F+Ji\/—d2e2+2cdef—f2—c2f2) [F—i (de-cf) -

1
\/7d2e2+2cde1‘:—1‘:2—cZ-F2 Tan|— (EfjAr‘cCsch[c+dx}
2 \2

(de-c¥) [f—i (de-cf)++/-d?e?+2cdef-f2-c?f2

1
Tan|— (E—iArcCsch[c+de
2 \2

Il

Problem 23: Result unnecessarily involves higher level functions.

ArcCsch[a x"]
J— dx

X
Optimal (type 4, 61 leaves, 7 steps):

ArcCsch[ax"]? ArcCschlax"] Log|1- @2 ArcCsch[ax] | PolyLog|2, @2ArcCschlax'] ]

2n n 2n

Result (type 5, 64 leaves):

x " HypergeometricPFQ[{%, 1, 1 303y _x2 )
_ Hz-' 27 }, {2-' 2}’ a? ] . Achsch[aXn]*Ar‘CSinh[ﬂ} Log[x}
an a

Problem 25: Result more than twice size of optimal antiderivative.

JAr'cCsch [ce®?X] dx

Optimal (type 4, 77 leaves, 7 steps):

ArcCsch[c e®?X] > ArcCsch [ce2®x] Log[1 - e2ArcCsch[ce™® ] polylog|2, e2Arccschlce™]]

2b b 2b

Result (type 4, 236 leaves):
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x ArcCschce®®*] + (e’a’bx 1+ c2e?(@hx)

Log[-c?e? 3% ]? L ArcTanh [/ 1+ c? e? (30X | (-8bx+4Log[-c?e? @ ]) -

/ 1 2
(1+ 1+C2e2(a+bx))}+2L0g[*(1+\/1+c2e2(a+bx)]] -
2
e—Z(a+bx)
(1—\/1+c2e2(a*bx)]]])/ gbc |1+ —

C

4Log[-c?e? @] Log|

N |

4 Polylog|2,

N | R

Problem 38: Result unnecessarily involves higher level functions.

JeArcCsch[a x?] x* dx

Optimal (type 4, 202 leaves, 8 steps):

1 1
2\/1+a2x4 2\/1+a2x4 X o 1 1 5
- +

+—+— |1+ — X+
Saz(aJr%)X 5 a2 3a 5 a2 x4
X

aZJ’Lu 1 . . 1
E? (a+ ;) EllipticE[2ArcCot[+/a x], ;}
1
5272 1+ -1
ats 1 1
E? (a + ;) EllipticF [2 ArcCot [\/a x] ) ﬂ
1
5272 1+ 2
Result (type 5, 126 leaves):
1 ) eAr‘cCsch[a x2] 5/2 )
= 5 .[7 e-Arctsch[ax?] x3 | 1 - 2 @2ArcCschlax?] _
15 a (aX2)3/2 71+92Ar‘cCsch[ax2}

3 e4Ar‘cCsch[a x] (1 _ eZAr‘cCsch[a x2| ) 5/ eZAr‘cCsch[a x2| ]

2 1
Hypergeometric2F1| =,
2

N
-

2

3
4
Problem 40: Result unnecessarily involves higher level functions.

JeAr'cCsch[a x2] x2 dx

Optimal (type 4, 86 leaves, 5steps):
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E111pt1cF [2 ArcCot [\F X} B i]

a+7
X 1
a 3 ax4
3352 [14 2

a? x4
Result (type 5, 113 leaves):
ArcCsch 2 3/2
_ #2 2 e—Ar‘cCsch[axz] ghrcCsch[ax’] .
3avax? _1 + @2ArcCsch[ax?]
[1 ) eZAr'cCsch[a x?] _ (1 B (EZAr'cCsch[a x| ) 3/2 Hypergeometric2F1 [ l l) 5, eZArcCsch[axz} ]
4 2 4

Problem 42: Result unnecessarily involves higher level functions.

JeAr‘cCsch [ax?] dx

Optimal (type 4, 165leaves, 7 steps):

ElllptlcE[Z ArcCot[va x|, 1]

+_
2
azx4 xz
a+ L az x4 R
x a¥? |1+ —

a? x*

= [a+ L) EllipticF[2Arccot[Va x], 1]

Result (type 5, 96 leaves):

ArcCsch|a x?
1 /> eAr‘cCsch[axz] enrese [2x] X
3 W 1+ e2ArcCsch[a x2]

(3 2\/1 @2 ArcCschax?] Hypergeometric2F1| =,

3

N\I—‘

2ArcCsch|ax?| ]

> e

I
SN
-

Problem 44: Result unnecessarily involves imaginary or complex numbers.

@ArcCsch [ax?]
Ji dx

x2

Optimal (type 4, 91 leaves, 5steps):
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(a+ Xlz) EllipticF [2 ArcCot[+/a x|, 2]

3\/? 1+ 14

a% x

1

x? (ax?)®? EllipticF[i ArcSinh[ (-1)Y*+/ax? |, -1]

Problem 46: Result unnecessarily involves higher level functions.

@ArcCsch [ax?]
Ji dx
X4

Optimal (type 4, 181 leaves, 7 steps):

(a+ i) EllipticE [2 ArcCot[+a x|, ]

+ L 2a2 1+
1 a2 x* a2 x4
_ _ _ + _
5 3
5ax 5x 5(a+%)x 1
X 5 [1+ 5
a? x

(a+ Xl—z) EllipticF[2 ArcCot[+/a x], 1]

Result (type 5, 1191eaves):

ArcCsch[ax?]

1 e

@-ArcCsch [ax?]

(a XZ) 3/2 3.2 eZAr‘cCsch[axz] +
10 x3 _2 4 2 @2ArcCsch[ax?]

etArcCschlax’] g \/1 _ @2ArcCschax?] Hypergeometric2F1 [_ 2 ArcCsch|ax?| ]

B ) S

O
N R
AW
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Summary of Integration Test Results

71 integration problems

A - 55 optimal antiderivatives

B - 4 more than twice size of optimal antiderivatives
C - 11 unnecessarily complex antiderivatives

D - 1 unable tointegrate problems

E - Ointegration timeouts



